Abstract-To improve the positioning accuracy of collaborative robots, an elastic deformation modeling method of manipulator robots is proposed in this paper. This approach is able to consider flexibility of robot modules comprehensively, and can compensate the elastic deformation caused by external wrenches and the deadweight of the robot in addition to possessing advantages of low computational complexity, easy modification as well as high real-time. Firstly, stiffness matrices of each robot module with 36 degrees of freedom (DOFs) are obtained by using the finite element analysis. Then, the kinematic model of a robot is established which is adapted to stiffness modeling of robot modules, and the force condition can be achieved by the robot statics analysis with the deadweight in order to acquire the elastic deformation of module units, which will be used to compensate the positioning error resulted from manipulator compliance. Furthermore, the elastic deformation model is built by the differential transformation method, and can be used to compensate the positioning error. Lastly, the finite element simulation is carried out, and results of the simulation show the proposed modeling method is effective.
I. INTRODUCTION
Due to the design concept of light-weight and high load/weight ratio in collaborative robots, a lot of elastic factors are introduced to collaborative robots which is bring difficulties to improve the positioning accuracy of robots [1] . Therefore, the problem about how to improve the positioning accuracy of manipulator robots under the premise of possessing light-weight, high load/weight ratio as well as safety becomes a difficulty and is urgent to be addressed. The collaborative robot is mostly used in flexible manufacturing of small and middle enterprises(SMEs) [2, 3] , whose cost of production is mainly focused. Sensor based compensation methods require higher implementation efforts and hardware costs, mainly due to the cost of sensors, than model-based methods. For this reason, the stiffness modeling can be regarded as the feasible method at present to compensate the elastic error, thereby improving the positioning accuracy [4] .
At present days, most of the research achievements are largely concentrated on the elastic deformation compensation which is caused by the external force, including the stiffness modeling based on the virtual joint method to achieve the error compensation in traditional manipulators in Schneider [5] , Zaeh [6] and Zhang [7] . However, the elastic deformation caused by the deadweight of manipulators is merely researched, in which the design of the gravity compensator and the modification in inverse kinematics normally attract a lot of attention in research field [8] , like the gravity compensator in a stiffness model which is able to compensate the deformation caused by the gravity of manipulator links in Klimchik [8] , building the stiffness model to compensate the deformation resulted from the joint gravity and the external force in Yokogawa [9] and considering the deadweight and the external force based on finite element method to model the elastic deformation of a modular reconfigurable robot in Pan [10] . Nevertheless, the stiffness model created by using the method of matrix structural analysis and virtual joint method is unable to fully consider the flexible factors in robot parts and unable to process the elastic deformation error caused by joint and link deadweights. By contrast, the finite element method is able to analyze flexible factors in manipulators thoroughly to mitigate the problem mentioned above, but the large amounts of computation, complicated processes and the bad real-time cannot be ignored.
Aiming to alleviate the above problems, this paper proposes an elastic deformation modeling method of a collaborative robot. Firstly, according to the design concept of integrated joint and modularization, the robot is divided into several module units. Then the stiffness models of module units are built by using the finite element method, and combining the statics analysis of manipulators to obtain the elastic deformation in each module unit. Furthermore, the positioning error of manipulator end-effector can be achieved by utilizing the elastic deformation model, which is built by the differential transformation method, to compensate the positioning error. This gives almost the same accuracy as FEA but with essentially lower computational effort, higher real-time because it eliminates model re-meshing through the workspace. And the merits of this proposed method, like the full consideration, low computational complexity and high real-time, can be demonstrated in the further simulation. This paper is organized as follows: An introduction to elastic deformation modeling and stiffness modeling is given in Section I. Section II describes the method of modeling elastic deformation of collaborative robots. The kinematic model of a collaborative robot is developed in Section III. The identification of stiffness model of robot modules is presented in Section IV. Section V models the static model of this robot with the deadweight for achieving the force condition of module units. Section VI validates the developed method in finite element simulation followed by conclusions in Section VII.
II. ELASTIC DEFORMATION MODEL OF COLLABORATIVE ROBOT
Since the design concept of integrated joint and modularization in collaborative robots is the same as the modular reconfigurable robot, the robot can be divided as joint modules and link modules [11] , as shown in Fig.2 . The stiffness of an object refers to the ability of the object to resist deformation under external forces, and the relationship between an elastic deformation X and an external force F can be described as below: 
The equivalence transformation sin , cos 1 can be used when the variable is small enough, and then the generalized translation can be given by
Meanwhile, the transformation matrices corresponding to the new module variables after the external force is exerted can be written as
where
T is the homogeneous transform matrix of modules before the external force is exerted. 
Transforming the homogeneous transform matrix into generalized form, as
The robot elastic deformation model is based on the robot kinematics. In order to meet stiffness modeling of robot modules, coordinate systems of the kinematic model can be divided into kinetic coordinate systems and structural coordinate systems. The kinematic model of a collaborative robot is established in Fig.1 .The kinetic coordinate systems of the collaborative robot are shown as follows, and the origin of the kinetic coordinate system of each joint is located at the center of the module output. The Z axis of the coordinate system coincides with the joint motion axis and points to the next joint. The X axis of the coordinate system is opposite to the electrical interface output when the robot is at zero position. The Y axis of coordinate systems can be confirmed according to the right hand rule. In order to consider the elastic deformation of the robot modules, the structural coordinate systems {A}, {B}, {C}, {D}, {E}, {F}, {G}, {T} are added at the output of link modules of the robot. The origin of structural coordinate systems is at the center of the output flange of the link modules. When the robot is at its zero position, the coordinate system has the same direction as the latter kinetic coordinate system, and the direction of the coordinate system {T} is the same as that of the kinetic coordinate system {7}. In order to meet stiffness model identification of modules, the robot kinematics, the transformation relationship between coordinate systems is set in this paper as follows:
1.Three-dimensional translation( i x , i y and i z ) of frame {i} to frame{i+1} so that the origin of both frames coincide.
2. Rotation around the X axis with the angle i until the Z axes of the resulting frame and the frame{i+1} are parallel.
3. Rotation around the Z axis with the joint angle i .
The homogeneous transformation matrix between coordinate systems can be described:
The parameters corresponding to the kinematic model of the collaborative robot can be defined as follows: 
T T T T T (10) IV. STIFFNESS IDENTIFICATION OF COLLABORATIVE ROBOT
Since the modular and integrated design concept of collaborative robots is the same as that of modular reconfigurable robots, the collaborative robot can be divided into joint modules and link modules, as shown in Fig.2 . The stiffness matrix of robot module units is a 6×6 matrix, and contains 36 unknown parameters. These 36 parameters can be achieved once the wrenches and compliant displacements are measured in at least 6 simulations by writing the equation given by (11) as.
In this paper, the stiffness matrix of each module unit is identified using ANSYS finite element analysis software. Each module unit can be equivalent to a six dimensional spring unit. And further, when applying a fixed constraint at the input of the module unit, the module unit can be equivalent to a 6 degrees of freedom spring unit with one end fixed and another end free, as shown in Fig.3 . The elastic deformation of modules can be obtained by exerting forces at the free end of units, and the stiffness matrix of robot modules can be achieved after six simulations are performed in ANSYS. Fig.4 shows the finite element models of a joint module and a link module for stiffness identification. In order to mesh the models smoothly, the module models should be reduced. The mechanical interface of modules is reduced to a rigid connection. The components and structures, the effect of which on the stiffness of module can be neglected, are simplified as quality points and connected with the structural parts rigidly, like brakes, encoders, and so on. Supporting and transmission components are reduced to a six dimensional spring unit with mass. The input end flange of modules is fixed and the output end flange is rigidly connected with the mass point unit by using MPC. 
V. STATICS MODELING WITH THE DEADWEIGHT OF ROBOT
The static force and torque of joint modules and link modules can be acquired by establishing the statics model of manipulator robots. The elastic deformation is caused by the external forces and the deadweight of robot, so the dead weight of the collaborative robot must be considered in the static model. The collaborative robot is an open kinematic chain consists of a series of modules. In general, a link module and a joint module are took as the research objects. Fig.5 shows static forces and moments (including the gravity forces) acting on modules, and the module balance equations of the static force and torque are established. Special symbols are introduced to indicate the forces and torques between the link module and joint module. {Ji}and{Li} represent the coordinate system of i joint module and i link module, respectively, and the origin of frame at the center of input terminal of modules. 
Joint module i For the link module i, when the link module is in the balance state, the summing force is zero, so the force balance equation of the link module i is ( 1) 0
Thus, the acting force on the joint module i-1 by the link module i is obtained as follows:
For the joint module i, when the joint module is balanced. the forces are summed and set them equal to zero ,so the force balance equation of the joint i is:
Thus the force acting on the link module i by the joint module i is:
According to the above formulas, forces and moments of joint modules and link modules can be further calculated.
VI. SIMULATION
In order to verify the modeling method, the finite element model of a collaborative robot is established in ANSYS finite element software, as shown in Fig.6 . The collaborative robot consists of link modules and joint modules [12] , and can work together with a human within a defined collaborative workspace. Select the pose Q=[0°,-30°,0°,-90°,0°,-60°,0°] T for simulation. To have a better understanding of deformation, the external force attached to the robot end-effector varies from 0N to 50N in units of 5N, where the loading direction is the same as the direction of gravitational acceleration. The results are shown in Table  . By comparing the results of the two sets of data, The value of finite element simulation is larger than the calculated value. Results of simulation and calculation are close in X and Z direction. Results in Y direction are different, but they are smaller than the other ones. So, the deformation in this direction can be ignored. On the total deformation, the finite element analysis is close to the calculated results, and the error range is within 6%. The effectiveness of the modeling method is verified. 
VII. CONCLUSIONS
In this paper a robot elastic deformation modeling method based on stiffness model is proposed. Firstly, the collaborative robot is divided into several module units, and the stiffness matrix of robot modules is obtained by using the finite element analysis. Then, based on the robot statics analysis with dead weight of robot, the force condition and compliance deflection of module units are obtained. Subsequently, the kinematic model of robot is established, and the elastic deformation model is achieved based on the differential transformation method. Lastly, the results of finite element simulation show that the method is valid and reliable, and can be applied to compensate the deformation which is caused by the deadweight of module units and the external forces.
Aimed at the practical application, experiments will be carried out to verify the method proposed in this paper, and deformation compensation of collaborative robots will be researched.
ACKNOWLEDGMENT
All authors would like to thank Tan Xiaowei, Chen Rong and Hu Hongshuang for their contributions to this paper. 
